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Abstract—A mixing length type model is proposed and numerical results are reported for the Fanning
friction factor and the heat transfer coefficient—the Nusselt number—for hydrodynamically and thermally
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sand-roughened walls for moderate Prandtl numbers. Both constant wall heat flux and wall temperature

boundary conditions are simulated. A comparison between present results and other experimental and
numerical data available indicates better agreement compared to calculations published earlier.

INTRODUCTION

SEVERAL models [1-8] were published for the numeri-
cal prediction of friction factors and heat transfer
coefficients of flows over roughened walls. All of them
are based on the concept of ‘mixing length’ [9] while
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different methods are used to account for the influence

of the roughness height on the ‘mixing length’ and the
effect of the roughness on the thermal resistance near
the wall.

A ‘mixing length’ approach was also adopted in
refs. [10, 11] where elements of several previously
published models were combined to yield a model of
stabilized turbulent single phase incompressible
momentum and heat transfer in smooth round tubes.
A novel feature of this model is the automatic cal-
culation of the thickness of the wall region for any
particular set of flow parameters. Tables of Fanning
factors and Nusselt numbers are reported and com-
pared to similar data published elsewhere to illustrate
the validity of the model.

The purpose of this paper is to extend the mixing
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stabilized flow in round tubes with sand-grained
roughness which can be used to predict in-tube Nus-
selt numbers, Fanning friction coefficients and mean
value boundary layer profiles. Friction factors and
constant wall heat flux Nusselt numbers will be com-
pared to the experimental data [1, 2], respectively, to
validate the model. Numerical values of constant wall
temperature Nusselt numbers for mtpmallv sand-

gramed tubes as far as the authors are aware, have
not yet been pubh’shed therefore, the latter results
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In what follows dimensionless variables will be
used unless the opposite is explicitly stated. Particular
scaling factors and variables used are explain in
the Nomenclature.

THE PHYSICAL MODEL

Physical evidence has shown [3] that some turbulent
flows can be separated into two regions of different
transport properties: (1) the wall region 0 < n < 1,
where the whole influence of the wall is exhibited and
(2) the core region 1,, < < 1 which is not influenced
by the roughness of the wall if the height of the rough-
ness elements k,/D < 0.05. In this case the thermal
influence of the wall on the flow is exerted through
the thickness of the viscous sublayer which is the main
thermal resistance between the fluid and the wall.
When the flow regime changes from hydro-
dynamically smooth (k} < 5) through a transient
state (5<k <70) to a fully rough regime
(k& > 70) the viscous sublayer becomes thinner and
for k' > 70 it is considered completely destroyed. In

the fu!lv rnnnh "“glﬂ'"‘ a very thin film of fluid sur-

rounding the roughnesses exists where the heat is
transferred by conduction. This film is the main ther-
mal resistance and therefore it cannot be ignored but
becomes less important in the transient regime as the
viscous sublayer begins to develop and enclose the
roughness elements. Following ref. [6] this conduction
film is modeled here as a temperature step at the wall.

From the above it follows that the mathematical
model of the process has to reflect both the change of
the viscous sublayer and the presence of the additional

thermal resisiance.
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L* mixing length, equation (2b)

Nu; in-tube Nusselt number, a.D/A;

Pr;  Prandtl number, v/a;

Pr, turbulent Prandtl number, equations (5d)

and (Se)
q diffusive heat flux, equation (5b)
R D/2 [m]
R* R/L*
Re; in-tube Reynolds number, u,,D/v
r radial flow coordinate, 0 < v’ < R [m]
r r/R

St;  in-tube Stanton number, Nu;/(Pr; Re;)

St, defined by equation (9)

U* friction velocity, (z,,/p)*° [ms—!]
U+t uU*

u in-tube flow velocity [ms™']

X axial flow coordinate [m]

y wall coordinate, 1 — [m].

Greek symbols
o, constants, equation (6¢)
o in-tube heat transfer coefficient

Wm™2K™']

NOMENCLATURE
as thermal diffusivity [m*s~'] & /v turbulent eddy diffusivity, equation (5c)
B* constant, equation (5¢) &,/v turbulent eddy viscosity, equations
D tube diameter [m] (2a)~(2d)
f Fanning friction factor, equation (4) n 1—r=y/R
k, roughness height [m] An  Ay/R
k¥  k,/L* #.  thickness of the wall region
L*  v/U* [m] 0 dimensionless temperature

6, defined by equation (6b)

% fluid thermal diffusivity [Wm~='K ]
7 eigenvalue, equation (8a)

v fluid kinematic viscosity [m’s~']

¢ 4(x/D)/(Re; Pry)

0 fluid density [kgm 3]

T shear stress [kgm~'s™?]

1,  wall shear stress [kgm~'s™?]

(0] defined by equation (6c)

¥  eigenfunction, equations (8).

Superscripts
* scaling factor, containing t,,
* scaled by L* or U*
H  refers to constant wall heat flux
T refers to constant wall temperature.

Subscripts
f fluid
h heat
m momentum
w wall.

THE MATHEMATICAL MODEL AND ITS
SOLUTION

The results to be reported are obtained if the
following assumptions hold: (a) the fluid is single
phase, incompressible and its physical properties are
constant; (b) the transport processes are time
independent; (c) the turbulent flow is both
hydrodynamically and thermally stabilized; (d) the
effects of heat generation and axial diffusion in the
flow are negligible. Under these assumptions the
momentum and heat transport balance equations
can be decoupled and studied separately.

The momentum transport
For the particular case considered the momentum
balance yields the linear shear stress distribution

/T = 1—n (1a)
where the shear stress 1/1,, is assumed to be
T 1 &, \dU™*
s ) (1

Following ref. [10], for the wall region the latter will
be defined as

i _ g (L)SU_
v R/ dn’
L+

7= 0.4n(1 —exp (—nR*/26)).
In equations (2) 7, is the unknown thickness of the
wall region. To insert corrections reflecting the influ-
ence of the roughness elements in equations (2), the
approach of Rotta developed in detail for a rough
plate [3] will be used. In this model the effect of rough-
ness is considered to be equivalent to a velocity jump
over the viscous sublayer and it can be represented
by a shift of the smooth flow velocity profile. For a
flow over a rough wall the reference wall is shifted
downward by an amount Ay and it moves with a
velocity Au in a direction opposite to the direction of
the main flow [3]. Heré this quantity is represented by
An [3]

O<n<n, (29

(2b)

B = 0.9 1 () =k exp (—k [6)). (20)



Stabilized turbulent fluid friction and heat transfer in circular tubes 31

Equation (2c) has been obtained by correlating the
experiments [1]. Thus the wall roughness can be
accounted for by formally replacing n by (n+A#n) in
equations (1a) and (2b).

In the core region there will be no correction for
the wall roughness, therefore [10, 12]

(2d)

Combining equations (1) and (2), taking into
account the axial symmetry of the flow and a no-slip
condition for the velocity at the tube wall, one has the
following initial value problem :

v+
dn
[ 2R*(1-(n+An)
1+ <1+4(R+)2(1—(n+m1)) (i—:) )

A 0<n<n,
R*(1—-n)
14+0.07044R* (1 — (1—1)>)(1+2.345(1 — )%y
L w<n<1l (3a)

to determine the velocity U™* (1), R* and #,,. For this
purpose a continuity condition on ¢&,,/v is imposed at
n =1, and an iterative process is organized to con-
verge on the value of R*. Once equations (3) are
solved, all other quantities of interest, such as ¢,,/v in
the wall region, equation (2a), or the Fanning friction
factor f

nw <N <L

1 -2
7 =3([ a-nv-ean) @

can easily be predicted.

THE HEAT TRANSPORT

For the case studied the forced convection heat
balance has the form

00 1 @
U(ﬂ)% g ;3;((1 —mq) =0,
E>0, 0<n<l1l (52)
where the diffusive heat flux ¢ satisfies
g, \00

q= <1+Pr_v~)5-ﬁ (5b)

and the eddy diffusivity ¢, /v is
&, 1 &,

The turbulent Prandtl number Pr, is defined [3, 10]
taking into account the correction for the roughness
An, equation (2c), as

Pr,. =
0.909B*/26, n=0
1—exp (—(n+An)R*/26)
0909 o (—+ AR /By O <1<
0909, n, <<l (5d)
B

5
* =Pri %5 Y Cellog Pre)*=!, 0.02< Pr; <15
k=1
(5e)

and C, = 34.96, C, =28.79, C; = 3395, C,=6.33,
Cs= —1.186. Equations (5a) and (5b) yield the
forced convection heat equation (Chap. 8 in ref. [13])

00 | B g, )00
0 =5 00 (17 2)5)

E>0, 0<n<1 (6a)
subject to boundary conditions

g\ 00 _
a()—ﬁ(1+Prf7)%—(P(C), £>0, n=0
(6c)
00

In equations (6) ¢,/v was defined by equations (5c)—
(5e), 0 is the appropriately scaled fluid temperature
(Chap. 8 of ref. [13]) while « and B are constants used
to simulate different boundary conditions at the tube
wall, n = 0; the cases of interest are: (a) a = 1, § = 0,
constant wall temperature and (b) « =0, g = 1, con-
stant wall heat flux. For both cases it will be assumed
in what follows that ®(£) = 1 and 8,(n) = 0.

It is shown in Chap. 8 of ref. [13] that for the above
cases, far from the inlet of the tube (£ — o0), the
heat transfer coefficient for the fluid, Nu,,, can be
calculated as (equations (8.41a) and (8.41d) of ref.
(13

2 —1
Nu;,f=2<”—%—§) , a#0 (72)
1 2
1<J‘ (l—n)U*(n)dn>
Null)~' =2 f = dn,
(l—n)(1+Prfe"£")>
«=0 (7b)

where u} is the first eigenvalue of the linear Sturm—
Liouville problem [5, 13, 14]
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Table 1 ~
o K,/D=00024 ° L2,
S x10° | (@ s 43812]
N k/Dx10* kI Re; Ref. [I]  This work L o S el
2r ;79
I 163 230 19500 1037 1030 _Aﬁ
2 773 63000  1.109 1.060 —— - \;?,f
3 2239 179900 1122 1.085 1= — This work
4 811.0 646000  1.140 1.027 1T w
5 0833 344 65000 0843 0835 ’C K./D=00138
6 57.9 107900 0867  0.841 '\\ 2
7 2168 398000  0.887 0863 o T e—— . S
8 3357 615000  0.889 0.857 o | —_“T\-\_\\ 279
9 5000 916000  0.897 0.843 3 e
5.94
10 0397 150 66000  0.632 0.625
1 419 178000  0.682 0.669 1
12 150.5 628000  0.705 0.685 ok @ K,/D=00488
13 2913 970500  0.700 0.687 s
14 0.198 69 66100  0.532 0.524 T Tt——
15 100 97100  0.552 0.510 E] B s ——. freiz
16 203 192000  0.537 0.532 L —* T~
17 69.5 612000  0.581 0.556 238
594
| . 1 L L L1
10 2 5 105 2 3 4 5
4 Ca—m 142,V 4 20 —mumye = 0 v
Al e , G )8 _ =0,
dn n L. dan u nuvm FiG. 1.
0<yp<1 (8a)
g, \d¥ 1 i
a¥ —p 1+P7r7 Eﬂ.:O’ n=0 (8b) uh=2 X 1—-nU*tmdn, wu,=2 \ ru(r)dr.
d¥
0 n=1 @) (8e)
dn To account for the roughness of the wall one has
Um) = Ur(m)/US, = u(r)u,, (8d) to represent Nu, ¢ in the form of a thermal resistance
Table 2
Pre=120 Pry =279 Pr =438 Pre=594
k/Dx10* Rex10~* Null Nuj, Nufl Nuj, Nuft Nul Nuf! Nul
0 2.0 677 658 1014 997 1235 1217 1402 1384
5.0 1386 1356 2151 2121 2660 2630 3048 3018
10.0 2467 2420 3900 3851 4865 481.6  560.0  555.0
20.0 4245 4172 6841 6765  860.1 8526 9946 9869
30.0 613.7 6040 9938 9834 12536 12433 14518 14413
50.0 927.7 9140 1529.5 15152 1946.4 19319 22673 2253.0
0.24 2.0 569 555 927 911 1198 1182 1426 1409
5.0 1362 1329 2497 2451 3471 3416 4346 4284
10.0 2803 2808 5529 5397 7748 7585  969.9 9510
20.0 6143 5938 11548 11236 15988 1560.6 19824 1939.6
30.0 839.7 8703 16777 16335 23123 2258.6 28583 2797.7
50.0 14282 1383.0 2639.5 25728 36204 35402 44613 43713
1.38 2.0 97.1 918 1769 1693 2412 2322 2464 2862
5.0 2329 2204 4151 3977 5593  S39.1 6817  659.5
10.0 430.6 4090 7579 7288 10156 9821  12334. 11968
20.0 7783 7429 13600 13130 18161 17624 22009 2142.6
30.0 1101.8 10539 19138 18509 2548.6 2477.1 30834 3006.0
50.0 1690.3 16230 29160 28290 38712 37731 46749 4569.2
4.88 2.0 129.1 1195 2192 2070 289.0 2754 3477  333.1
5.0 2785 2607  469.4 4472 6169 5923 740.5 7143
10.0 490.6 4623 8227 7879 1078.8 10403 12932 12523
20.0 8462 8027 14138 1360.8 18509 17927 22168 21549
30.0 1166.9 1110.1 19410 18724 25363 24613 30343 2954.9

50.0 1728.8 1651.6  2865.7 27732  3739.1 3638.3 44694 4362.8
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Re
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and add to it the thermal resistance of the fluid layer
enclosing the roughness elements (even in the absence
of a viscous sublayer). Such a resistance has been
correlated [2] in the form of a Stanton number

(51,)"" = 5.192/)*5(k )02 Pro®s.  (9)

Having in mind the standard definition of the Stanton
number, equations (7) and (9) finally yield

Nutg, s = Reg Pre((St.) ™' +(Sto0)~") 7" (10)

Equations (3) and (8) cannot be solved analytically
and have to be integrated by numerical methods.
Equations (3) were processed with a standard variable
step Runge-Kutta method (for a fixed iterate value
of R* while 5, was currently calculated from the
continuity condition for &,/v) restricting both the
increments of U* and 7. The calculation of Nul;
through the solution of the eigenvalue problem, equa-
tions (8) (for sand-roughened tubes such an approach
was used earlier in ref. [5]), was realized via the ‘sign-
count” method [14] using a fixed resolution of the
interval [0, 1] generated in the course of solution of
equations (3). Other details concerning the numerical
integration of equations (3) and (8) can be found in
refs. [10, 11]. The results reported in the next section
were calculated with a BASIC code run on an
IBM/AT (relative precision 5.96 x 10~%).

RESULTS AND DISCUSSION

The numerical results for the Fanning friction fac-
tor f, equation (4), are presented in Table 1 together
with the experimental data [1]. As seen from Table 1
the percentage difference is less than 5% excluding
positions 4 and 9. In contrast, in ref. [8] where the
same correction Az, equation (2c), was used in con-
junction with another model for the velocity dis-
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tribution, equations (3), an average difference of 15%
was observed.

The calculations for Nuf and Nul, are summarized
in Table 2. The values for Nu”, (transformed as Stan-
ton numbers) are compared with the experimental
data [2] on Figs. 1(a)—(c) and to the calculations (Fig.
7.6 of ref. [4]) on Fig. 2. As seen from Fig. 1 there is
a fairly good agreement between our calculations and
the experimental plots [2] although a quantitative esti-
mate is not available. A relatively higher divergence
is observed only for k,/D = 0.0024 and Pr; = 4.38 and
5.94. From Fig. 2 it is seen that the model [4] (plots
for other values of k,/D are not published there) for
Re; > 200000 yields considerably higher values for
the heat transfer coefficient than the model described
here, which favours the latter.

The calculated values for Nu” and Nu”, Table 2
(scaled as Stanton numbers), satisfy a condition pub-
lished (without comments) elsewhere (Chap. 7 of ref.
[15]), namely, that Nu¥ > Nul and the (relative)
difference between these two quantities decreases as
Pr; increases.

It can be concluded that the model of stabilized
momentum and heat transfer in turbulent incom-
pressible sand-roughened wall tube flow discussed
yields numerical results which agree better with stan-
dard experimental data and it can be considered as
improving earlier calculations [3, S, 8].
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FROTTEMENT ET TRANSFERT THERMIQUE TURBULENTS DANS DES TUBES
CIRCULAIRES A RUGOSITE INTERNE PAR DU SABLE ET POUR DES NOMBRES
DE PRANDTL MODERES

Résumé—On propose un modéle a longueur de mélange et des résultats numériques pour le coefficient de

frottement et le coefficient de convection—le nombre de Nusselt—pour un écoulement forcé turbulent,

incompressible, monophasique, hydrodynamiquement et thermiquement stabilisé, dans un tube cylindrique

4 parot rugueuse par du sable, pour des nombres de Prandtl modérés. On simule les conditions aux limites

de flux thermique pariétal constant et de température pariétale uniforme. Une comparaison des résultats

et d’autres données expérimentales et numeériques déja publiées montre que I'accord est meilleur qu’avec
d’autres calculs antérieurs.

REIBUNG UND WARMEUBERGANG BEI AUSGEBILDETER TURBULENTER
STROMUNG IN ZYLINDRISCHEN ROHREN MIT SANDARTIGER RAUHIGKEIT BEI
MITTLEREN PRANDTL-ZAHLEN

Zusammenfassung—Es wird ein Modell vom Typ des Mischungswegansatzes vorgeschlagen. Reibungs-

beiwert und Wirmeiibergangskoeffizient (Nusselt-Zahl) werden numerisch fiir eine hydrodynamisch und

thermisch ausgebildete inkompressible turbulente erzwungene Konvektionsstrémung in einem runden

Rohr mit sandartiger Rauhigkeit bei mittleren Prandtl-Zahlen berechnet und dargestellt. Als Rand-

bedingungen werden sowoh! konstanter Warmestrom als auch konstante Wandtemperatur simuliert. Der

Vergleich dieser Ergebnisse mit anderen verfiigbaren experimentellen und numerischen Daten zeigt eine
bessere Ubereinstimmung als friiher verdffentlichte Berechnungen.

CTABUJIN3UPOBAHHOE TYPBYJIEHTHOE T'MIPOAVMHAMHUYECKOE TPEHHE U
TETUIOINEPEHOC B KPVTJIBIX TPYBAX C NECYAHON IEPOXOBATOCThIO
BHYTPEHHHX CTEHOK ITPH YMEPEHHBIX YUCJIAX ITPAHATIIA

Ammoraums—IIpennokesa Mofe/Ib JUIMHE CMEILICHAA, 2 TAKXKE IIPEACTABICHBI YHCJICHHBIC JaHHBIE [UIA
xoadpuiEeHTa TpeHAs daHAMHTa U ko3dpHLHEEHTa Temonepenoca (wrcno HyccensTa) ana ruaponnHa-
MHYeCKH U TEPMHYECKH CTaGHIMIHPOBAHHOTO HECKHMAEMOIo TYPOYJICHTHOTO BHIHYXICHHOIO KOHBEK-
THBHOT'O NOTOKA B Kpyryio# TpyGe ce necyanoli 1epoXxoBaTOCThiO BHYTPEHHHX CTEHOK NPH YMEPEHHBIX
yncnax Ilpanaris. BocnponIBOAATCA rPaHMYHbIC YCJIOBHSA NOCTOSHHOTO TEILIOBOIO MOTOKA M MOCTOSAH-
Ho# TemmepaTyphl. CpaBHEHHE NPEACTABJICHHBIX PedIbTaTOB C APYTHMH 3KCHEPHMEHTAIBHBIMY H HHC-
JICHHBIMH aHHLIMH OOHApYXHBaeT JIyyllee COOTBETCTHE, YeM B paHee ony6IHKOBaHHBIX pacyeTax.



